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ON THE CONGRUENCE CLASS MODULO PRIME NUMBERS
OF THE NUMBER OF RATIONAL POINTS OF A VARIETY
LUCILE DEVIN
Abstract. Let X be a scheme of finite type over Z. For p ∈ P the set of prime numbers, let NX(p)
be the number of Fp-points of X/Fp. For fixed n ≥ 1 and a1, . . . , an ∈ Z, we study the set
⋂n
i=1{p ∈
P − ΣX , NX(p) 6= ai [mod p]} where ΣX is the finite set of primes of bad reduction for X. In case
dimX ≤ 3, we show the set is either empty or has positive lower-density. We also address the question of
the size of the smallest prime in that set. Using sieve methods, we obtain for example an upper bound for
the size of the least prime of {p ∈ P, p ∤ NX(p)} on average in particular families of hyperelliptic curves.
Introduction
Let X be a scheme of finite type over Z. For every prime number p one can define Xp = X ×Z Fp the
“reduction modulo p” of X . The quantity NX(p) := |Xp(Fp)| is the number of Fp-points of X . For fixed p,
the Weil Conjecture gives a precise estimate for NX(p). However the arithmetic properties of NX(p) remain
mysterious to a large extent. The aim of this article is to study properties of NX(p)[mod p].
The main focus of this work is the set {p ∈ P , p ∤ NX(p)}. The principal motivation comes from work of
Fouvry and Katz ([6]). In loc. cit. the authors relate the possibility to obtain sharp estimates for certain
exponential sums over the rational points of X and the size of the set {p ∈ P , p ∤ NX(p)}. More precisely
the authors state ([6, Th.8.1]) that if X/C is smooth and if the set {p ∈ P , p ∤ NX(p)} is infinite, then a
deep geometric invariant (called the A-number) associated to X is non-zero.
Let us give a bit more detail on what the A-number is and on how Fouvry and Katz use that invariant.
Given an affine scheme X ⊂ AN
Z
of finite type over Z such that X/C is smooth, a function f on X (i.e. a
morphism f : X → A1
Z
), a finite field k and a non-trivial additive character ψ of k, Fouvry and Katz define
A(X, f, k, ψ) as the rank of a certain lisse sheaf defined using the ℓ-adic Fourier transform ([6, Part 4]). (See
the introduction and the first part of [13] for the precise definition of A(X, 0,Fp, exp(
2iπ•
p )).) A remarkable
point about A-numbers is made explicit in [6, Lem. 4.3]: A(X, f, k, ψ) = 0 is equivalent to the fact that
there exists a dense open subset U in ANk such that for any finite extension E of k and any h ∈ U(E) the
exponential sum ∑
x∈X(E)
ψ
(
trE/k
(
f(x) +
∑
i
hixi
))
vanishes.
Assuming the A-number does not vanish, Fouvry and Katz ([6, Cor. 4.5]) prove a very precise estimate
for that type of exponential sums. The result improves substantially a previous result of Katz and Laumon
[14] about the dimension of the set of parameters h for which the exponential sum has a given size.
The philosophy underlying the present work is that “most” schemes X of finite type over Z should have
a non-zero A-number. More generally, we can study sets of the form {p ∈ P , p ∤ (NX(p)− a)} for arbitrary
a ∈ Z, or finite intersections of such sets. In fact we do not even need the scheme X to be affine, nor is it
required that the generic fibre be smooth. We show that the sets of primes we are interested in are either
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empty or that they have positive lower density. In the latter case this proves a strong form of Fouvry and
Katz’s criterion ([6, Th. 8.1]).
To state our main result, let us first recall the definition of the densities. Let E be a subset of the set of
primes P . Define the upper-density and lower-density of E as
denssup(E) = lim sup
x→∞
|{p ∈ E, p ≤ x}|
|{p ∈ P , p ≤ x}|
and
densinf(E) = lim inf
x→∞
|{p ∈ E, p ≤ x}|
|{p ∈ P , p ≤ x}| .
If these quantities coincide, we say that the set E has a (natural) density. We denote this value by dens(E).
It is clear that if dens(E) > 0 or if densinf(E) > 0 then E is infinite.
We can now state the main result of this paper.
Theorem 0.1. Let X be a scheme of finite type over Z. Suppose
• either dim(X/Q) ≤ 2
• or dim(X/Q) = 3 and there is a projective resolution of singularities Y of X such that b3(Y ) = 0.
Let Σ′X be the finite set of primes of bad reduction for X. Then if there exists a prime p0 /∈ Σ′X satisfying
p0 ∤ NX(p0), one has
densinf{p ∈ P , p ∤ NX(p)} > 0.
More generally, for every a1, . . . , an ∈ Z, if there exists a prime p0 /∈ Σ′X satisfying p0 ∤
∏n
i=1(NX(p0)−
ai), one has
densinf
n⋂
i=1
{p ∈ P , NX(p) 6≡ ai [mod p]} > 0.
In particular in the case dim(X/Q) ≤ 2, no assumption about the geometry of a resolution of singularities
of X is needed. Here b3(Y ) is the third Betti number of Y (definitions will be recalled later). In the case
dim(X) = 3, there is no reason to believe that the assumption b3(Y ) = 0 is generic. For example a smooth
hypersurface Y in P4 has often b3(Y ) 6= 0. Still this condition is not empty and we present a way to
construct schemes satisfying this condition in section 2.3.
Theorem 0.1 is proved in section 2.1, as a consequence of Theorem 1.1 and Theorem 2.1. The reader will
find there more precisions about the set of bad reduction Σ′X . Theorem 1.1 is essentially Serre’s theorem
[23, Th. 6.3] about the distribution of NX(p) [mod m] as p varies and m is fixed. The idea of Theorem 2.1
is to get rid of the higher degree cohomology to reduce to Galois representations whose traces of Frobenius
are bounded by a multiple of p. It is quite easy in the case dim(X) = 1. When dim(X) = 2 we combine
the arguments for curves with Poincare´ Duality. However the method does not seem to apply in higher
dimension without strong hypotheses. In section 3, we present a variant of Theorem 0.1 where we do not
even require the existence of a suitable prime p0 (see Theorem 3.1).
Combining [6, Th. 8.1], [6, Cor. 4.5] and Theorem 0.1 we deduce the following strong low-dimensional
version of [6, Cor. 4.5].
Corollary 0.2. With notations and assumptions as in Theorem 0.1 assume there exists D ∈ Z such that
X [1/D]→ An
Z[1/D] is a smooth closed subscheme of relative dimension d with geometrically connected fibres.
Assume there exists a prime p0 /∈ Σ′X such that p0 ∤ NX(p0) then:
(i) for every function f on X, for all primes p outside of a finite set Σ′′X containing Σ
′
X , for all α ≥ 1,
and for all additive characters ψ of Fpα , the A-number A(X, f,Fpα , ψ) is non-zero,
(ii) for f fixed there exists a constant C depending on X and f , and a closed subscheme X2 ⊂ AnZ[1/D] of
relative dimension at most n− 2 such that for every p /∈ Σ′′X , for every α ≥ 1, for every non-trivial
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additive character ψ of Fpα and for every h ∈ (AnZ[1/D] −X2)(Fpα) one has∣∣∣∣∣∣
∑
x∈X(Fpα)
ψ(f(x) +
∑
i
hixi)
∣∣∣∣∣∣ ≤ Cpαd2 .
We note in passing that a similar phenomenon (“only one prime is needed instead of infinitely many”)
appears in the theory of arithmetic groups, see Lubotzky’s paper “one for almost all” [18].
Lower bounds (and even sometimes the determination of the exact value) for some A-numbers already
appear in articles by Katz (see [12], [13]), but most of them only hold for particular varieties given by certain
forms of equation. The arguments given by Katz are of geometric nature. In Example 2 (Section 2.3), we
give a new example of a variety with non-zero A-number. The argument is computational and comes as a
consequence of Theorem 0.1.
In the case of an affine smooth hypersurface of A3, Katz [12, Rem. (ii) p. 150] gives an explicit formula
for the A-number involving the degree of its equation. Using this formula we show in section 5.2 that the
converse of Corollary 0.2(i) is false. Precisely, we consider in Proposition 5.1 a family of affine surfaces S
satisfying p | NS(p) for every prime p, while the A-numbers of these surfaces are non-zero.
Besides the close link with A-number of varieties the study of the density of {p ∈ P , NX(p) ∈ S(p)}
where S(p) is a set that may (but does not have to) depend on p lies at the heart of many other important
problems in arithmetic geometry. For instance the Sato–Tate conjecture solves completely (and in a very
precise way) the case where X is an elliptic curve and S(p) is an interval (p+ 1 + a
√
p, p+ 1 + b
√
p) (with
a and b independent of p).
In Serre’s book [23] the Chebotarev Density Theorem is used to prove results about the density of sets
of the type {p ∈ P , NX(p) ≡ a [mod m]}. Some of the ideas underlying [23] can already be found in his
article [22] especially in Section 8 about elliptic curves. Serre’s result is also used in the recent preprint of
Sawin [21] where the author gives explicit values for the density of the set of ordinary primes for abelian
surfaces (over Q).
The second main point that this present paper addresses is the question of effectiveness in Theorem 0.1.
How far does one have to go to find a suitable prime?
We solve the question by using a double sieve as in [5]. It is based on a result of Kowalski [16, Th.
8.15] and Gallagher’s larger sieve. We obtain an upper bound for the least prime in {p ∈ P , p ∤ NX(p)} on
average over a 1-parameter family of hyperelliptic curves X .
Theorem 0.3. Let g ≥ 2 be an integer and let f ∈ Z[T ] be a separable polynomial of degree 2g. For each
u ∈ Z we consider the curve Cu with affine model
Cu : y
2 = f(t)(t− u).
Let T ≥ 1. There exists a constant Kg depending only on g such that for every α1, . . . , αn ∈ Z, for “most”
u ∈ Z ∩ [−T, T ], the least prime p of good reduction for Cu and satisfying p ∤
∏n
i=1(NCu(p)− αi) is at most
of size
(2Kg log(T ))
γ/2 (log(2Kg log(T )))
γ
2 (1−
2
γ+2n−2 ),
where one can take γ = 4g2 + 2g + 4.
This theorem is proven in section 4 under a more general and precise form. In particular we give more
quantitative precisions on what is meant by “for most”. Theorem 0.3 is a consequence of Theorem 4.1 and
a theorem of Yu about big monodromy (see e.g. [8]). The idea underlying this result is that the least prime
p not dividing NC(p) should be small compared to the coefficients of an equation defining C.
Finally in section 5.1 we present some examples of curves for which the least prime p ∤ NC(p) can become
arbitrarily large.
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Notations. For X a scheme of finite type over Z, we denote X0 := X ×Z Q the generic fiber. Given p
a prime, Xp := X ×Z Fp is the “reduction modulo p” of X . In this paper the words curve, surface and
threefold mean scheme of finite type over Z of relative dimension 1, 2, or 3 respectively. By f(x) ≪ g(x)
or f(x) = O(g(x)) we mean that there exists a constant C ≥ 0 such that |f(x)| ≤ Cg(x) for all x such that
f(x) is defined. The “implicit constant” C may depend on some parameters.
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1. Serre’s result
The proof of Theorem 0.1 uses a generalized version of Serre’s Theorem [23, Th. 6.3]. This is Theorem
1.1 below. We give a proof of this statement but we do not get into the details when it is not necessary
since the main ideas are essentially contained in the first six chapters of [23].
First we need a way to compute NX(p). Combining the Grothendieck–Lefschetz trace formula with a
comparison theorem for cohomologies with compact support Serre gets for a d-dimensional separated scheme
X over Z, the existence of a finite set ΣX ⊂ P such that, for p not in ΣX and for any prime ℓ 6= p,
NX(p) =
2d∑
i=0
(−1)i tr(Frobp | Hic(X ×Q,Qℓ)),
where Frobp is a representative of the image of the geometric Frobenius at p (we assume a choice of
isomorphism has been made). For details of the proof, see [23, Part 4.8.2-4.8.4] and [3, p. 49-50] (note that
the argument uses the fact that the sheafQℓ is locally constant). In [23, 3] the set ΣX is not given explicitly:
it comes from a deep stratification theorem [14, Th. 3.2.1]. In the case X/C is proper and smooth then one
can take ΣX to be the locus of bad reduction of X [19, p. 230 Cor. 4.2].
Fix a prime ℓ. For simplicity we will write Hi(X, ℓ) for Hic(X ×Q,Qℓ). We are interested in functions
defined over primes of the following type:
fX,i : P − (ΣX ∪ {ℓ}) → Z(1)
p 7→ tr(Frobp | Hi(X, ℓ)).
This kind of functions can be decomposed:
P − ΣX ∪ {ℓ} ΓΣX,ℓ := Gal(QΣX,ℓ/Q) GL(Hi(X, ℓ)) Qℓ
Frob ρℓ tr
where QΣX,ℓ/Q is the maximal Galois extension unramified outside ΣX,ℓ := ΣX ∪ {ℓ}. For every prime
p /∈ ΣX,ℓ, let Frobp denote the corresponding geometric Frobenius element of ΓΣX,ℓ , it is well defined up to
conjugation. The second arrow above is given by the action of ΓΣX,ℓ on H
i(X, ℓ) which globally fixes the
image of Hic(X×Q,Zℓ) in Hi(X, ℓ). Thus we can see the image ρℓ(ΓΣX,ℓ) as a subgroup of GLbi(Zℓ) where
bi = dimH
i(X, ℓ) is the i-th Betti number of X . By the Weil conjectures, the image of fX,i is in fact in Z
and independent of ℓ.
There is a natural way to extend fX,i at 1: it is the value of the function tr ◦ρℓ at identity in ΓΣX,ℓ . We
set
fX,i(1) := bi(X) = dimH
i(X, ℓ).(2)
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Now we can state a generalized version of Serre’s Theorem.
Theorem 1.1. Let (Xj)j be a finite set of schemes of finite type over Z. For all j let ΣXj be the finite set
defined as above. Let f : (P − ∪jΣXj )→ Z be a Z-linear combination of functions fXj ,i.
Then for all a,m ∈ Z, the set
Ea,m(f) = {p ∈ P − ∪jΣXj , p ∤ m, f(p) ≡ a [mod m]}(3)
satisfies one of the two following properties:
• either Ea,m(f) = ∅,
• or dens(Ea,m(f)) exists and is a positive rational number.
Moreover, if f(1) ≡ a [mod m] then Ea,m(f) 6= ∅.
The same result holds for finite unions or intersections of sets Eai,mi(fi).
The sets Ea,m(f) are examples of Frobenian sets as introduced by Serre in [23, Sec. 3.3]. In particular
for the function NX =
∑
i(−1)ifX,i, the value NX(1) is the Euler-Poincare´ characteristic χc(X) of X/C.
For ease of exposition we state the following particular case of Theorem 1.1. This is very close to [23, Th.
1.4].
Corollary 1.2. Let X be a scheme of finite type over Z. Let ΣX be the finite set defined as above. Then
for all a,m ∈ Z, the set
Ea,m(NX) = {p ∈ P − ΣX , p ∤ m,NX(p) ≡ a [mod m]}
satisfies one of the two following properties:
• either Ea,m(NX) = ∅,
• or dens(Ea,m(NX)) is a positive rational number.
Moreover, if χc(X) ≡ a [mod m] then Ea,m(NX) 6= ∅.
Proof of Theorem 1.1 (Serre). We can assume f = fX,i. Indeed the set Ea,m(f) is a finite union of finite
intersections of sets Eb,m(fXj ,i). By the Chinese Remainder Theorem it is enough to prove the theorem for
m = ℓk with ℓ prime. Reducing fX,i modulo ℓ
k, we get
P − ΣX,ℓ ΓΣX,ℓ GLbi(Zℓ)
Gℓk GLbi(Z/ℓ
kZ) Z/ℓkZ
Frob
tr
φℓk
where Gℓk is the quotient of ΓΣX,ℓ by the kernel of φℓk . The group Gℓk can be seen as a subgroup of the
finite group GLbi(Z/ℓ
kZ), hence it is finite. Therefore Gℓk = Gal(E/Q) is a finite Galois group. This is a
situation where the Chebotarev Density Theorem applies. Let Ca = {g ∈ Gℓk , tr(g) = a [mod ℓk]}, it is a
union of conjugacy classes in Gℓk . Hence the set of primes Ea,ℓk(fX,i) = {p ∈ P−ΣX,ℓ, φℓk(Frobp,Gℓk ) ∈ Ca}
has a density given by
dens(Ea,ℓk(fX,i)) =
|Ca|
|Gℓk |
which is rational and positive if and only if Ca is non-empty, i.e. Ea,ℓk(fX,i) is non-empty.
Moreover, if fX,i(1) ≡ a [mod ℓk] then the identity element of Gℓk is in Ca.
In the case one has a finite intersection of Ea,ℓk(fXj ,i), the proof follows using the Chebotarev Density
Theorem for a product of Galois groups. 
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2. Proof of the main result
Corollary 1.2 deals with the congruence classes of NX(p) modulo a fixed m as p varies among primes.
The point is now to use this idea to get information about NX(p) modulo p as p varies. In this section, we
define a function, close to NX , to which we can apply Theorem 1.1 and get results about NX(p) modulo p.
The following result is our main technical tool.
Theorem 2.1. Let X be as in Theorem 0.1. There exists a finite set Σ′X containing ΣX (defined in section
1), such that for every a ∈ Z, there exists a function MX,a defined over P − Σ′X satisfying:
(i) MX,a is a Z-linear combination of functions fU,i of type (1) for some schemes U ,
(ii) for all p ∈ P − Σ′X , one has MX,a(p) ≡ NX(p)− a [mod p],
(iii) there exists explicit constants b−(X), b+(X) ∈ Z and A = A(X, a) > 0 such that for all p ∈ P −Σ′X
and p ≥ A one has b−(X)p < MX,a(p) < b+(X)p.
We give more precision about the set Σ′X (which we use also in Theorem 0.1) in section 2.2. In the case
dim(X) ≥ 2, it can be larger than ΣX , it depends on a choice of a projective resolution of X (see Proposition
2.7). We postpone the proof of Theorem 2.1 to section 2.2.
2.1. Proof of Theorem 0.1. We now show how to deduce Theorem 0.1 by combining Theorem 1.1 and
Theorem 2.1.
Proof of Theorem 0.1. Let k ∈ Z. Using Theorem 2.1 for i ∈ {1, . . . , n} yields a function MX,ai and bounds
b±(i) ∈ Z, Ai > 0 such that for every p > Ai,
(b−(i) + k)p < MX,ai(p) + kfA1(p) < (b+(i) + k)p.
Suppose as in Theorem 0.1 that there exists p0 /∈ Σ′X such that for every i, one has NX(p0) 6= ai [mod p0].
Let mi =MX,ai(p0). By Theorem 2.1(ii), for every k ∈ Z one has, using the notation (3),
p0 ∈
n⋂
i=1
Emi+kp0,0(MX,ai + kfA1).
Hence the intersection is not empty. By Theorem 1.1 (using Theorem 2.1(i)), we deduce that this set has
positive density. Let A = maxi(Ai), b− = mini(b−(i)) and b+ = maxi(b+(i)). Then for k large enough, one
has
n⋂
i=1
Emi+kp0,0(MX,ai + kfA1) ∩ [A,∞) ⊂
n⋂
i=1
{p ∈ P , NX(p) 6≡ ai [mod p]}.
Indeed, since p0 ≥ 2, one can choose k ≥ −b− such that for every i one has mi + kp0 ≥ b+ + k. Then let
p ∈ Emi+kp0,0(MX,ai + kfA1) ∩ [A,∞). One has
0 < MX,ai(p) + kfA1(p) < (b+ + k)p
and
MX,ai(p) + kfA1(p) ≡ 0 [mod mi + kp0].
Hence p does not divide MX,ai(p) + kfA1(p). By Theorem 2.1(ii), this concludes the proof. 
2.2. Proof of Theorem 2.1. We are now reduced to proving Theorem 2.1. It suffices to deal with the
case a = 0, and note MX,a = MX,0 − af•,0 if a 6= 0, where • is the point. The argument used depends on
the dimension of the scheme and uses the result for the lower dimensions. Therefore we give a proof for
each dimension d = 1, 2, 3, starting with d = 1.
The 1-dimensional case is a corollary of Lang–Weil’s Theorem.
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Lemma 2.2. Let X be a 1-dimensional scheme of finite type over Z. Let b2(X) be the number of 1-
dimensional irreducible components of X/C. There exists a constant C(X) > 0 such that for every prime
p /∈ ΣX , one has
(4) 0 ≤ NX(p) ≤ b2(X)p+ C(X)p 12 .
Remark 1. By definition b2(X) is the second Betti number of X . As we want inequality (4) to be true for
every prime, we cannot hope for a better estimate without assuming anything about the field of definition
of the irreducible components of X/C.
Proposition 2.3. In case X is of dimension 1 over Z, the function MX = NX satisfies Theorem 2.1. One
can take Σ′X = ΣX , b−(X) = −1 and b+(X) = b2(X) + 1.
Proof. This follows from Lemma 2.2. 
Remark 2. In the case of curves, the argument is very close to the one given in [20, Prop. 2.7.1].
In case the dimension over Z is 2 or 3, we begin with the easier case of a smooth projective variety. Then
by Hironaka’s resolution of singularities we will deduce the general case.
The following lemma is an easy corollary of Poincare´ Duality.
Lemma 2.4. Let p be a prime number and let Yp be a smooth projective variety of dimension d over Fp.
For all primes ℓ 6= p and for all i ∈ {d+ 1, . . . 2d}, one has
tr(Frobp | Hic(Yp × Fp,Qℓ)) = pi−d tr(Frobp | H2d−ic (Yp × Fp,Qℓ)).
Proof. Using Deligne’s Theorem (Weil’s Conjectures), one can write
tr(Frobp | Hic(Yp × Fp,Qℓ)) =
bi∑
j=1
αi,j
with |αi,j | = p i2 . By Poincare´ Duality bi = b2d−i and (up to reordering) αi,j = p
d
α2d−i,j
for all j. Hence
bi∑
j=1
αi,j =
bi∑
j=1
pd
α2d−i,j
= p
i
2
bi∑
j=1
pd−
i
2
α2d−i,j
= p
i
2
bi∑
j=1
σ
(
α2d−i,j
pd−
i
2
)
= pi−d tr(Frobp | H2d−ic (Yp × Fp,Qℓ))
where z 7→ σ(z) denotes complex conjugation. 
We deduce Theorem 2.1 for smooth projective schemes.
Proposition 2.5. Let X be a scheme of finite type over Z, suppose X/C is either a smooth projective
surface, or a smooth projective threefold satisfying b3(X) = 0. Then the function MX =
∑2
i=0(−1)ifX,i
satisfies Theorem 2.1. One can take Σ′X = ΣX , b−(X) = −b2(X)− 1 and b+(X) = b2(X) + 1.
Proof. Use the fact that tr(Frobp | Hic(Yp × Fp,Qℓ)) ∈ Z for every i, and Lemma 2.4. 
For the proof of the general case, we need a corollary to Hironaka’s resolution of singularities (e.g. [15,
Th.3.36]).
Lemma 2.6. Let X be a scheme of finite type over Z then there exists a smooth open dense subscheme U0
of X0 which is Q-isomorphic to an open dense subscheme V0 of a smooth projective variety Y0 defined over
Q.
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In particular there exist D ∈ Z≥1 and schemes U, V, Y → SpecZ[1/D] whose generic fibers are U0, V0, Y0
respectively such that for every prime p ∤ D, the subscheme Up is Fp-isomorphic to Vp and Yp is smooth
projective over Fp.
Remark 3. In Hironaka’s Theorem, the subscheme U0 is the smooth locus of X0. In particular if X/C is
smooth, one can take U = X .
As U is an open dense subscheme of X , one has dim(X − U) ≤ dim(X) − 1. Similarly, dim(Y − V ) ≤
dim(X)− 1. Using these observations we conclude the proof of Theorem 2.1 via an induction argument.
Proposition 2.7. Let X be a scheme of finite type over Z, and U, V, Y and D given by Lemma 2.6. Suppose
Y/C is either a smooth projective surface, or a smooth projective threefold satisfying b3(Y ) = 0. Then the
function MX =MY −MY−V +MX−U satisfies Theorem 2.1, for the set Σ′X = ΣX∪Σ′Y −V ∪Σ′X−U ∪{p ∤ D}.
One can take b−(X) = −b2(Y )−b+(Y −V )+b−(X−U)+1 and b+(X) = b2(Y )−b−(Y −V )+b+(X−U)−1.
Proof. By Lemma 2.6, the scheme U is Z[1/D]-isomorphic to V . Define (by induction on the dimension)
Σ′X = ΣX ∪Σ′Y−V ∪Σ′X−U ∪ {p | D}. For every prime p /∈ Σ′X , one has
NU (p) = NV (p),
i.e.
NX(p)−NY (p) = NX−U (p)−NY−V (p).
We invoke Proposition 2.5 for the scheme Y . In case dim(X) = 2, we invoke Proposition 2.3 for the curves
X − U and Y − V . In case dim(X) = 3, we use an induction argument: we invoke Proposition 2.7 for the
surfaces X − U and Y − V . Hence the function MX :=MY −MY−V +MX−U satisfies Theorem 2.1. 
2.3. The condition on the third Betti number of threefolds is not empty. As we see in the proof
of Theorem 2.1, the condition b3(Y ) = 0 is needed in the case of threefolds. We present now examples of
threefolds to which we would like to apply Theorem 0.1.
Example 1 (Hypersurfaces). The first example one could think of is the case of a hypersurface. Let Y ⊆ P4
be a smooth projective hypersurface defined over Z by an equation of degree d. From [4, Chap. 5 §3] we
get b3(Y ) =
(d−1)5+1
d − 1 which is zero if d = 1 or 2, and is positive as soon as d > 2. Hence we cannot
apply Theorem 0.1 to non-rational hypersurfaces.
We present now an example of a family of schemes better suited for the application of Theorem 0.1. In
turn we obtain a new example of a variety with non-zero A-number.
Let S be a projective surface defined over Z, smooth over C with b1(S) = 0 (e.g. S is a K3-surface). We
build a smooth scheme Y with a morphism g : Y → S such that for all s ∈ S, the fiber Ys is isomorphic to
P1. Then the Leray spectral sequence [19, App. B] for g : Y → S is Ei,j2 := Hi(S,Rjg∗C) ⇒ Hi+j(Y,C).
As Ei,3−i2 = 0 for each i ∈ {0, 1, 2, 3} we get H3(Y,C) = 0.
Remark 4. A first example of a scheme equipped with such a fibration is S × P1 but probably counting
the number of Fp-points on S × P1 is not that interesting.
These schemes are exactly the Severi-Brauer schemes over S of relative order 2. In our situation (S a
projective smooth surface over C), [7, Part 8] ensures that the Severi-Brauer schemes over S of relative
order 2 are classified by the 2-torsion subgroup of the Brauer group of S, noted Br(S)[2]. This group can
be seen as a subset of the set of quaternion algebras over the function field of S. If Br(S)[2] is non-trivial (it
is the case when S is a K3-surface), a non trivial element of Br(S)[2] yields equations for a Severi-Brauer
scheme not of type S × P1.
Precisely, let S be a K3-surface in the weighted projective space P(1, 1, 1, 3) given by an equation
f(x, y, z) = w2 where f is a homogeneous polynomial of degree 6. A non-trivial element of Br(S)[2]
CONGRUENCE CLASS OF THE NUMBER OF RATIONAL POINTS OF A VARIETY 9
can be given on an open affine subscheme O of S as a pair (a, b) where a and b are rational functions in the
variable s = (x, y, z, w) ∈ O. Define the scheme U(a, b) in O × P2 by the equations:
U(a, b) : a(s)u2 + b(s)v2 = t2.
Then U(a, b) is birational to a Severi-Brauer scheme over S of relative order 2. In particular it admits a
smooth projective completion Y (a, b) satisfying b3(Y (a, b)) = 0. Writing a = α/d, b = β/d with α, β, d
polynomials, we can define a larger scheme X(a, b) in P(1, 1, 1, 3)× P2 by the equations:
X(a, b) :
{
f(x, y, z) = w2
α(x, y, z)u2 + β(x, y, z)v2=d(x, y, z)t2
in the variables [x : y : z : w] ∈ P(1, 1, 1, 3), [t : u : v] ∈ P2. Then U(a, b) is an open dense subscheme of
X(a, b) hence X(a, b) is also birational to Y (a, b). As we want an affine scheme, we consider the intersection
with some hyperplane: the affine scheme in A5 given by the equations
X(a, b) :
{
f(x, y, 1) = w2
α(x, y, 1)u2 + β(x, y, 1)v2=d(x, y, 1)
admits Y (a, b) as a smooth projective model.
It is not always easy to describe a non-trivial element of the group Br(S)[2], but there are some surfaces
well studied in the literature.
Example 2. In [1] the authors study a K3-surface S that we can define by an equation w2 = f(x, y, z)
where
f(x, y, z) = x6 + 6x5y + 12x5z + x4y2 + 22x4yz + 28x3y3 − 38x3y2z + 46x3yz2 + 4x3z3 + 24x2y4
−4x2y3z − 37x2y2z2 − 36x2yz3 − 4x2z4 + 48xy4z − 24xy3z2 + 34xy2z3 + 4xyz4
+20y5z + 20y4z2 − 8y3z3 − 11y2z4 − 4yz5.
Then [1, Prop. 11] gives a non-trivial element of Br(S)[2] as a quaternion algebra of parameter (a, b)
with
a = x2 + 14xy − 23y2 − 8yz
and
b = b1b2 = (x− 4y − z)(3x3 + 2x2y − 4x2z + 8xyz + 3xz2 − 16y3 − 11y2z − 8yz2 − z3).
Let X1 be the 3-dimensional scheme in A
5 given by the equations
X1 :
{
f(x, y, 1) =w2
a(x, y, 1)u2 + b(x, y, 1)v2= 1
.
We can apply Theorem 0.1 to the affine scheme X1. The primes of bad reduction for the surface S are
given in [1, Rk. 12]. Building X1 does not give rise to more primes of bad reduction. Hence X1 has good
reduction at the prime 7. We compute
NX1(7) = 584 6= 0 [mod 7],
and we deduce densinf{p ∈ P , p ∤ NX(p)} > 0.
The threefold X1 is smooth over C. Hence Corollary 0.2 holds for X1. In particular X1 has non-zero
A-number.
Let D be the product of the elements of ΣX1 . Let f be a function on X1, there exists a constant C, and
a closed subscheme X2 ⊂ A5Z[1/D] of relative dimension at most 3 such that for every p /∈ ΣX1 , for every
α ≥ 1, for every non-trivial additive character ψ of Fpα and for every h ∈ (A5Z[1/D] −X2)(Fpα) one has∣∣∣∣∣∣
∑
x∈X1(Fpα )
ψ(f(x) +
∑
i
hixi)
∣∣∣∣∣∣ ≤ Cp 3α2 .
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3. Value at 1 of Frobenian functions
Part of Theorem 1.1 also deals with the value at 1 of Z-linear combinations of functions of type (1). We
can use the value at 1 (see (2)) of the function MX to ensure that the set Ea,m(MX) (defined by (3)) is not
empty. We deduce the following variation of Theorem 0.1.
Theorem 3.1. Let X be as in Theorem 0.1, and let a1, . . . , an ∈ Z. Denote by MX,ai and b±(X, ai) the
functions and bounds obtained by applying Theorem 2.1, respectively. If for every i one has
max (|MX,ai(1)− b−(X, ai)|, |MX,ai(1)− b+(X, ai)|) ≥ b+(X, ai)− b−(X, ai)(5)
then
densinf
n⋂
i=1
{p ∈ P , NX(p) 6≡ ai [mod p]} > 0.
Proof. For ease of notation, we present the proof in the case n = 1. For the general case one can use the
fact that the finite intersection of Frobenian sets is still a Frobenian set. As in the proof of Theorem 0.1,
all we need is to prove that there exist k ∈ Z, and mk large enough such that the set Emk,0(MX,a + kfA1)
is not empty and up to discarding a finite set of primes it yields a subset of {p ∈ P , NX(p) 6≡ a [mod p]}.
Suppose that
max (|MX,a(1)− b−|, |MX,a(1)− b+|) = |MX,a(1)− b−|,
and choose k = −b−. One has for every large enough p
0 < MX(p)− b−fA1(p) < (b+ − b−)p.(6)
Also evaluating the function at 1 we obtain MX(1)− b−. Set m−b− = |MX(1) − b−| ≥ b+ − b−. Then by
Theorem 1.1 the set Em−b
−
,0(MX,a − b−fA1) is not empty, hence it has positive density. By (6), (up to
discarding a finite set of primes) it is a subset of {p ∈ P , NX(p) 6≡ a [mod p]}.
Setting k = −b+, we see that the proof is similar if |MX,a(1)− b−| < |MX,a(1)− b+|. 
Let us now consider cases where the values of MX(1), b−(X), b+(X) are given and satisfy (5). Then
contrary to Theorem 0.1 finding a prime p0 is not required. The case of irreducible curves is particularly
easy.
Corollary 3.2. Let C be an absolutely irreducible curve over Z. For every a ∈ Z− {χc(C)− 1}, one has
densinf{p ∈ P − ΣC , p ∤ (NC(p)− a)} > 0.
Remark 5. More precise results are already known if the smooth projective model of C has genus g < 2.
If g = 0, then C is a rational curve and NC(p) is easy to compute for all p. If g = 1, and C has a rational
point, then its smooth projective model is an elliptic curve, and dens{p ∈ P , p ∤ NC(p) − a} is very well
understood thanks to the Sato–Tate Conjecture (which is now a theorem).
Proof of Corollary 3.2. The curve C is irreducible and defined over Z, hence the Lang–Weil bound ensures
that for large enough p we always have
0 < NC(p) < 2p.
We take MC = NC − a, b− = 0 and b+ = 2. The condition (5) in Theorem 3.1 is now
max (|χc(C)− a|, |χc(C)− a− 2|) ≥ 2.

The easiest case besides irreducible curves is the case of irreducible smooth surfaces.
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Corollary 3.3. Let X be a surface defined over Z. Suppose X/C is irreducible and smooth. Let Y be a
smooth projective model of X and C∞ = Y −X. Suppose that{
either b1(Y ) + χc(C
∞) + a ≥ 2b2(Y ) + b2(C∞) + 2,
or b1(Y ) + χc(C
∞) + a ≤ 0.
Then
densinf({p /∈ ΣX , p ∤ (NX(p)− a)}) > 0.
Proof. Since X is smooth, one can take U = X in Hironaka’s resolution of singularities. Hence by Corollary
2.7, one can take MX =MY −MY−X , with
b−(X) = −b2(Y )− b+(Y −X)
= −b2(Y )− b2(C∞)− 1
and
b+(X) = b2(Y )− b−(Y −X)
= b2(Y ) + 1.
Since X is irreducible, one has b0(Y ) = 1. Hence
MX(1) = b2(Y )− b1(Y ) + 1− χc(C∞).
The condition (5) in Theorem 3.1 becomes
max (|2b2(Y ) + b2(C∞) + 2− b1(Y )− χc(C∞)− a|, |−b1(Y )− χc(C∞)− a|) ≥ 2b2(Y ) + b2(C∞) + 2.
This yields either
b1(Y ) + χc(C
∞) + a ≥ 2b2(Y ) + b2(C∞) + 2
or b1(Y ) + χc(C
∞) + a ≤ 0.

Using Corollary 3.3 we can find families of irreducible surfaces X satisfying densinf({p /∈ ΣX , p ∤
NX(p)}) > 0.
Example 3 (a family of cubic surfaces). Let f be a polynomial of degree 3 in Z[x, y, z]. Let f3 be its
homogeneous component of degree 3. Let X be the affine surface given by f(x, y, z) = 0. Suppose that:
• the projective surface Y defined by the equation t3f(xt , yt , zt ) = 0 is smooth over C,• and the projective curve C∞ defined by the equation f3(x, y, z) = 0 is an elliptic curve over C.
The surfaceX satisfies the hypotheses of Corollary 3.3. As Y is a cubic projective surface one has b1(Y ) = 0.
Moreover C∞ is an elliptic curve hence χc(C
∞) = 0. Thus one has
densinf({p /∈ ΣX , p ∤ NS(p)}) > 0.
Let us give a concrete example. The curve given by the equation x3+ y3+ z3 = 0 is an elliptic curve over
C and the projective surface given by the equation Y : x3 + y3 + z3 + t2(x+ y + z) = 0 is smooth over C.
Hence the affine scheme X : x3 + y3 + z3 + x+ y+ z = 0 satisfies the hypothesis of Corollary 3.3 for a = 0.
Finally, we can state a result in a special case of dimension 3.
Corollary 3.4. Let X be a threefold defined over Z. Suppose X/C is irreducible and smooth. Suppose
there exists a smooth projective model Y of X satisfying b3(Y ) = 0, and such that S
∞ := Y −X is a smooth
projective surface over C. Suppose that{
either b1(S
∞)− b0(S∞)− a ≥ 2(b2(Y ) + 1),
or b1(S
∞)− b0(S∞)− a ≤ −2b2(S∞).
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Then
densinf({p /∈ ΣX , p ∤ (NX(p)− a)}) > 0.
Proof. Since X is smooth, one can take U = X in Hironaka’s resolution of singularities. Hence by Corollary
2.7, one can take MX =MY −MY−X with
b−(X) = −b2(Y )− b+(Y −X)
= −b2(Y )− b2(S∞)− 1
and
b+(X) = b2(Y )− b−(Y −X)
= b2(Y ) + b2(S
∞) + 1.
Since X is irreducible one has b0(Y ) = 1, and since b3(Y ) = 0 one has b1(Y ) = 0 ([9, III Cor. 7.7]). Hence
MX(1) = b2(Y ) + 1− b2(S∞) + b1(S∞)− b0(S∞).
The condition (5) in Theorem 3.1 becomes
max (|2(b2(Y ) + 1) + b1(S∞)− b0(S∞)− a|, |−2b2(S∞) + b1(S∞)− b0(S∞)− a|)
≥ 2(b2(Y ) + b2(S∞) + 1).
This yields Corollary 3.4. 
4. Size of the least prime p satisfying p ∤ NX(p).
Corollary 3.2 asserts that every hyperelliptic projective curve X of genus g ≥ 2, is such that the set
{p /∈ ΣX , p ∤ (NX(p)− a)} is non-empty for every a 6= 1− 2g. In this section we investigate the size of the
least prime in intersections of this type of sets. Using Kowalski’s approach in [16, Chap. 8] we study the
sets
⋂n
i=1{p ∈ P , NX(p) 6= ai [mod p]} where X runs over a particular 1-parameter family of hyperelliptic
curves, and a1, . . . , an are fixed integers.
Let U be an affine curve over Z, assume U/C is smooth and geometrically connected. We are studying
a family of smooth hyperelliptic curves over U , i.e. one has a morphism C → U which fibres are curves over
Z. We assume that these curves are smooth projective hyperelliptic curves of fixed genus g.
Let p be a prime number of good reduction for U , then the morphism reduces modulo p to a family of
curves Cp → Up over Fp via the base change Z→ Fp.
Let ℓ 6= p be an auxiliary prime. To the e´tale cover Cp → Up one can associate an ℓ-adic continuous
representation of the e´tale fondamental arithmetic group of Up:
ρℓ : π1(Up)→ GL(2g,Fℓ)
that corresponds to the action of the Frobenius endomorphism Frobu on H
1
c (Cu, ℓ). In particular for every
u ∈ Up(Fp), one has
p+ 1−NCu(p) = a(Cu, p) = tr(ρℓ(Frobu)) [mod ℓ].
The family (ρℓ)ℓ formed by varying ℓ, comes as the reduction of a compatible system, hence the represen-
tation does not depend on ℓ.
By Poincare´ Duality, the image ρℓ(π1(Up)) is a subgroup of the symplectic similitude group CSp(2g,Fℓ)
and the image of Frobu has multiplicator m(ρℓ(Frobu)) = p (i.e. det(ρℓ(Frobu)) = p
g).
In the case of big monodromy, — i.e. if the image of the e´tale fundamental geometric group πg1(Up) is
the full symplectic group Sp(2g,Fℓ) — we have a bound for the least prime of the set
⋂n
i=1{p ∈ P , NX(p) 6=
ai [mod p]} for most of the curves Cu in the family.
Adapting the proof of Kowalski [16, Th. 8.15] we get a bound for the size of the set
Dp(a) :=
n⋃
i=1
{u ∈ Up(Fp), a(Cu, p) = 1− ai}(7)
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for p large enough. Combining such a bound with Gallagher’s larger sieve (as in [24, Th. 3.4], see also [5,
Th. 24]) we get a bound for
S(T,Q) := |{u ∈ U(Z), |u| ≤ T, u [mod p] ∈ Dp, ∀p < Q}|
for every Q. Then we minimise Q and deduce an upper bound for the least prime p in the set
⋂n
i=1{p ∈
P , NX(p) 6= ai [mod p]} for most of the curves in the family. Let us state the precise quantitative result
that we have in mind.
Theorem 4.1. Let g be a positive integer, and let a1, . . . , an ∈ Z. Let U be an affine curve over Z. Assume
U/C is smooth and geometrically connected. Let C → U be a family of projective curves over Z, such that
the generic fibre is a smooth projective hyperelliptic curve of genus g. Suppose that for every prime p of
good reduction for U and for every ℓ 6= p, one has ρℓ(πg1(Up)) = Sp(2g,Fℓ).
Then there exists a constant Kg depending only on g such that for “almost all” u ∈ U(Z), |u| ≤ T , the
least prime p satisfying p ∤ (NCu(p)− ai) for every i is at most of size
Qg(T ) := (2Kg log(T ))
γ/2 (log(2Kg log(T )))
γ
2 (1−
2
γ+2n−2),
where γ = 4g2 + 2g + 4.
More precisely, one has∣∣∣∣∣
n⋃
i=1
{u ∈ Z, |u| ≤ T, p | (NCu(p)− ai), ∀p < Qg(T )}
∣∣∣∣∣≪ (2Kg)γ/2 log(T )−1+γ/2(log(2Kg log(T ))) γ2 (1− 2γ+2n−2 )
where the implicit constant is absolute.
The big monodromy hypothesis is a difficult condition to check, but it is known in certain cases. For
example the family considered in Theorem 0.3 has big monodromy.
Example 4. Let g ≥ 2 be an integer and let f ∈ Z[T ] be a separable polynomial of degree 2g. For each
u ∈ Z we consider the curve Cu with affine model
Cu : y
2 = f(t)(t− u).
In our case the curve U is the open subvariety of A1
Z
given by the equation f 6= 0. If indeed the polynomial
f(t)(t − u) is separable over Q, then the curve Cu/Q is hyperelliptic of genus g. Let C˜u be the smooth
projective compactification of Cu. As degt f(t)(t− u) = 2g + 1 is odd, the curve C˜u has only one point at
infinity. Assume C˜u has good reduction at a prime p, then:
N
C˜u
(p) = p− a(C˜u, p) + 1
i.e.
NCu(p) = p− a(C˜u, p),
where |a(C˜u, p)| ≤ 2g√p by the Hasse–Weil bound.
Therefore for a prime of good reduction p ≥ max{4g2, α1, . . . , αn} one has p ∤
∏n
i=1(NCu(p) − αi) if
a(C˜u, p) /∈ {−α1, . . . ,−αn}. So we can apply Theorem 4.1 with the family C˜ → U , and the integers
ai = 1+ αi.
Furthermore, a theorem of Yu (e.g. [16, Prop. 8.13] or another proof by Hall in [8]) ensures that the
image by ρℓ of the e´tale fundamental geometric group π1(Up × Fp) is the symplectic group Sp(2g,Fℓ).
Theorem 0.3 is then deduced from Theorem 4.1.
Proof of Theorem 4.1. A first step towards the proof of Theorem 4.1 is an analytic lemma about sums over
primes.
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Lemma 4.2. Let α > −1 and β ∈ R then∑
p≤L
pα log(p)β ∼ L
α+1
(α+ 1)
log(L)β−1.
Proof. We use Abel summation and the function
θ(x) :=
∑
p≤x
log(p) = x+ o(x)
(by the Prime Number Theorem). Set f : x 7→ xα log(x)β−1. One has∑
p≤L
pα log(p)β = [f(t)θ(t)]L2 −
∫ L
2
f ′(t)θ(t)dt
= [tf(t)]L2 −
∫ L
2
f ′(t)tdt+ o
(
[tf(t)]L2 −
∫ L
2
f ′(t)tdt
)
=
∫ L
2
f(t)dt+ o
(∫ L
2
f(t)dt
)
=
Lα+1
(α+ 1)
log(L)β−1 + o
(
Lα+1 log(L+ 1)β−1
)
.

Our first ingredient is a bound for the size of the sets Dp(a) as defined in (7).
Proposition 4.3. One has
|Dp(a)| ≪ p1−2/γ log(p)1−2/(γ+2n−2)
where γ = 4g2 + 2g + 4 and the implicit constant depends only on g.
Proof. The proof follows by adapting [16, Th. 8.15]. By [16, Cor. 8.10] there exists a constant C ≥ 0 such
that
|Dp| ≤ (p+ C√p(L+ 1)2g2+g+2)H−1,
where
H =
∑
m∈L
∏
ℓ|m
|Ωℓ|
|Sp2g(Fℓ)| − |Ωℓ|
and L is the set of squarefree numbers m satisfying ∏ℓ|m(ℓ + 1) ≤ L + 1. The parameter L will be chosen
later.
In our situation we have
Ωℓ = {g ∈ GSp2g(Fℓ),m(g) = p, tr(g) /∈ {1− a1, . . . , 1− an}} .
Writing the condition on the trace in terms of characteristic polynomial we get
|Ωℓ| =
∑
f∈Fℓ[T ],f ′(0)/∈{1−a1,...,1−an}
|{g ∈ GSp2g(Fℓ),m(g) = p, det(T − g) = f}|.
We use the lower bound for the cardinality of a set of matrices with fixed characteristic polynomial in [16,
Lem. B.5]:
|Ωℓ| ≥ |{f ∈ Fℓ[T ], p-symplectic of degree 2g, f ′(0) /∈ {1− a1, . . . , 1− an}}| |Sp2g(Fℓ)|
ℓg
(
ℓ
ℓ+ 1
)2g2+g+1
.
Here f is said to be p-symplectic of degree 2g if it is a monic polynomial of degree 2g satisfying T 2gf( pT ) =
pgf(T ). By counting the number of such polynomials we deduce for ℓ > n:
|Ωℓ|
|Sp2g(Fℓ)| ≥ δ(ℓ) :=
ℓ− n
ℓ
(
ℓ
ℓ+ 1
)2g2+g+1
= 1− 2g
2 + g + 1 + n
ℓ
+Og
(
1
ℓ2
)
.
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Set for m in L, f(m) := 1m
∏
ℓ|m
δ(ℓ)
1−δ(ℓ) . One has
H ≥
∑
m∈L
mf(m) ≥ L
2
∑
m∈L,m≥L/2
f(m).
Moreover for every prime ℓ one has
f(ℓ) =
1
ℓ
1− 2g2+g+1+nℓ +O
(
1
ℓ2
)
1−
(
1− 2g2+g+1+nℓ +O
(
1
ℓ2
)) = 12g2 + g + 1 + n +Og
(
1
ℓ
)
.
Thanks to a theorem of Lau and Wu ([17] see e.g. [16, Th. G.2] for the particular case we need) we have
H ≫ L2 log(L)−1+1/(2g2+g+1+n)
with an implicit constant depending on g.
Hence one has:
|Dp| ≪g (p+√p(L+ 1)2g2+g+2)L−2 log(L)1−1/(2g2+g+1+n).
Choosing L = p1/(4g
2+2g+4) = p1/γ such that both terms on the right hand side have the same order of
magnitude we obtain as wished:
|Dp| ≪ p1−2/γ log(p)1−2/(γ+2n−2),
the implicit constant depending on g only.

Remark 6. In the situation of Proposition 4.3 the density of the set Ωℓ gets closer to 1 as ℓ grows. It is
slightly better than necessary for the large sieve: usually we just need to have an absolute lower bound for
the density.
We can now finish the proof of Theorem 4.1.
First note that
S(T,Q) ≤ |{u ∈ U(Z), ‖u‖ ≤ T, ∀p < Q, u [mod p] ∈ Dp)}|,
where for a point u ∈ Ad(Z) we set ‖u‖ = max{|u1|, . . . , |ud|}. We apply [24, Th. 3.4] in the case k = Q.
We deduce
S(T,Q) ≤
∑
p≤Q log(p)∑
p≤Q
log(p)
ν(p) − log(2T )
(as soon as the denominator is positive) where ν(p) is the size of Dp. Proposition 4.3 yields
ν(p) ≤ Kgp1−2/γ log p1−2/(γ+2n−2)
for some constant Kg depending only on g. Hence using Lemma 4.2 we get
S(T,Q)≪ Qγ
2Kg
Q2/γ(log(Q))−1+2/(γ+2n−2) − log(2T )
where the implicit constant is absolute.
Let us choose Q = (2Kg log(T ))
γ/2
(log(2Kg log(T )))
γ
2 (1−
2
γ+2n−2 ) the denominator is then of size(
γ
(γ
2
)−1+2/(γ+2n−2)
− 1
)
log(T ) > (
√
2− 1) log(T ).
Putting everything together we obtain
S(T,Q)≪ (2Kg)γ/2 log(T )−1+γ/2(log(2Kg log(T )))
γ
2 (1−
2
γ+2n−2)
with an absolute implicit constant.

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5. Concluding remarks and explicit examples
5.1. Curves with large least prime. The result of the previous section leads us to think that for a generic
hyperelliptic curve C the least element of {p ∈ P , p ∤ NC(p)} is quite small. What about hyperelliptic curves
for which the least ordinary prime is arbitrarily large? The idea underlying Theorem 4.1 is that if the genus
of the curve and the coefficients of every equation defining it are bounded, we should not find a too large
least element of {p ∈ P , p ∤ NC(p)}.
5.1.1. A first idea one might have is to let the genus grow. Let q be a prime number, and let Cq be the
affine hyperelliptic plane curve given by the equation:
Cq : y
2 = xq + 1.
Then for every prime p /∈ {2, q}, the curve Cq/Fp is smooth. Furthermore, if p 6= 1 [mod q] then x 7→ xq+1
is bijective in Fp hence NCq (p) = p. Thus NCq(p) = p for every prime p < 2q + 1.
The bound 2q+ 1 is sharp if 2q+1 is a prime, but it could be composite. If it is so, one has NCq (p) = p
for every p < 4q + 1, and we iterate the process if 4q + 1 is composite. We are interested in finding primes
q for which the least prime p ≡ 1 [mod q] is unusually large. More precisely, for a large fixed N we would
like to find the least prime q for which the least prime p ≡ 1 [mod q] is greater than N .
Example 5. As an example we have looked for a curve for which the least ordinary prime is greater than
100. The least prime congruent to 1 modulo 17 is 6× 17 + 1 = 103, and one has NC17(103) = 87. Thus for
every prime p < 103 of good reduction for C17 one has NC17(p) = p.
Example 6. For N = 10000, one can choose the prime q = 457 as 457× 30 + 1 = 13711 is the least prime
in the congruence class 1 [mod q]. One has NC457(13711) = 13255. Hence NC457(p) = p for every prime
p < 13711.
5.1.2. We now allow the coefficients to grow, fixing the genus equal to 2. Let N be a fixed positive integer.
For each prime p < N we should be able to find a polynomial fp ∈ Fp[X ] of degree 5, such that the curve
y2 = fp(x) has exactly p points in Fp. The existence of a hyperelliptic projective curve of genus 2 with
p+ 1 points in Fp is given by [10, Th. 1.2], we choose an open affine subscheme so that there is one point
at infinity. Then using the Chinese Remainder Theorem, there exists a polynomial f ∈ Z[X ] such that
f ≡ fp [mod p] for every p < N . The least ordinary prime for the curve y2 = f(x) is larger than N .
Example 7. Let C1 and C2 be the affine hyperelliptic plane curves of genus 2 given by the equation:
C1 : y
2 = x5 + 5x3 + 5x and C2 : y
2 = x5 + x. Using sage we see that for every p < 401, one has either
NC1(p) = p or NC2(p) = p. Hence there exists a curve C of genus 2 such that NC(p) = p for every p < 401.
5.2. Counter-example to the converse of Corollary 0.2. We generalize the ideas of the previous
section to surfaces. We can in fact find surfaces for which there is no prime p of good reduction satisfying
p ∤ NX(p) even though they have non-vanishing A-number.
The first part of Corollary 0.2 has already been proved by Katz in the case of an affine smooth hypersurface
of A3 (see [12, Rem. (ii) p. 150]). More precisely, Katz states that if X is a smooth projective surface in P3
defined by a homogeneous polynomial of degree D then V := X ∩A3 satisfies A(V, 0,Fpα , ψ) = D(D − 1)2
for all p ∤ D, for all α ≥ 1, and for every additive character ψ of Fpα . Using this we now show that the
converse of the first part of Corollary 0.2 is false.
Let S : y2 = f(x, t) be an affine elliptic surface defined over Z, where f(x, t) is a polynomial in Z[X,T ]
satisfying degX f = 3. Suppose f(x, t) = ax
3 + b(t)x2 + c(t)x + d(t) with a ∈ Z− {0} and b, c, d ∈ Z[T ] of
degree respectively bounded by 1, 3, 5.
Let p be a prime, one has
NS(p) =
∑
(x,t)∈F2p
(1 + χp(f(x, t)))
where χp is the Legendre character modulo p.
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Proposition 5.1. For every prime p 6= 2, one has
NS(p) = 0 [mod p].
However if deg(c) ≤ 2 and deg(d) ≤ 3 then A(S, 0,Fpα , ψ) = 12 for all p ∤ 3a, for all α ≥ 1, and for all
additive characters ψ of Fpα .
The proof is inspired by [11, proof of Th. 8.2], and is comparable to Chevalley–Warning’s Theorem. We
first state the following lemma.
Lemma 5.2. Let p be an odd prime and let c be an integer non-divisible by p − 1, then ∑x∈Fp xc =
0 [mod p]. In particular for every polynomial P with integer coefficients of degree bounded by p− 2,∑
x∈Fp
P (x) = 0 [mod p].
Proof. Let g be a generator of F∗p, then∑
x∈Fp
xc =
p−2∑
v=0
gcv =
1− gc(p−1)
1− gc = 0 [mod p].
Moreover one has
∑
x∈Fp
1 = 0 [mod p], hence the second part of the lemma follows. 
Proof of Proposition 5.1. For all (x, t) ∈ F2p, one has
χp(f(x, t)) = f(x, t)
p−1
2 [mod p]
=
p−1
2∑
k=0
k∑
ℓ=0
ℓ∑
m=0
(p−1
2
k
)(
k
ℓ
)(
ℓ
m
)
a
p−1
2 −kx3(
p−1
2 −k)+2(k−ℓ)+(ℓ−m)b(t)k−ℓc(t)ℓ−md(t)m [mod p]
Let us fix k, ℓ,m and sum over x. It yields the sum
(8)
∑
x∈Fp
x3(
p−1
2 −k)+2(k−ℓ)+(ℓ−m) =
∑
x∈Fp
x
3(p−1)
2 −k−ℓ−m.
Using Lemma 5.2, the sum (8) is zero modulo p unless 3(p−1)2 −k− ℓ−m is in (p−1)Z−{0}. As k, ℓ,m ≥ 0,
one has
3(p− 1)
2
− k − ℓ−m < 2(p− 1),
thus the sum (8) is non-zero only if k + ℓ+m = p−12 .
In the case k + ℓ+m = p−12 , we get, summing over t,
(9)
∑
t∈Fp
b(t)k−ℓc(t)ℓ−md(t)m =
∑
t∈Fp
P (t)
where the polynomial P has integer coefficients and has degree at most
(k − ℓ) + 3(ℓ−m) + 5m = k + 2ℓ+ 2m < 2(k + ℓ+m) = p− 1
since k > 0. By Lemma 5.2 the sum (9) is zero modulo p.
Thus for every triple (k, ℓ,m), one has∑
x∈Fp
∑
t∈Fp
x3(
p−1
2 −k)+2(k−ℓ)+(ℓ−m)b(t)k−ℓc(t)ℓ−md(t)m = 0 [mod p]
hence ∑
x∈Fp
∑
t∈Fp
χp(f(x, t)) = 0 [mod p].
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